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Abstract 

Scale invariant alternatives of the Standard Model are well motivated as they solve the hierar- 
chy problem in a technically natural way. In this paper we consider a class of phenomenolog- 
ically consistent scale invariant models where the scale invariance is broken radiatively at the 
electroweak scale. We show that the simplest such electroweak scale invariant model, which 
contains an electroweak Higgs doublet and an extra singlet scalar field, has the same num- 
ber of parameters and hence same predictive power as the Standard Model. We argue that 
the vanishing of the cosmological constant in such models constrains the mass of the pseudo- 
Goldstone boson associated with this breaking to be less than ~ 10 GeV and also leads to a 
fermionic-bosonic mass relation. We also consider extended scale invariant models that incor- 
porate neutrino masses through couplings to an electroweak triplet scalar field and dark matter 
within a mirror-symmetric framework. Scale invariant theories as developed here are highly 
predictive and can be probed at the LHC 



1 Introduction 



The quantum stability of the electroweak scale is one of the main motivations for new physics 
as it suggests enlarged symmetry of the Standard Model. In this regard, scale invariance is 
an interesting candidate for such an additional symmetry of particle interactions. Scale in- 
variance, can be an exact classical symmetry, broken radiatively as a result of the quantum 
anomaly. This generates a mass scale through the quantum-mechanical phenomenon of di- 
mensional transmutation [T]. Despite its anomalous nature, scale invariance still ensures the 
stability of the electroweak scale since the radiative breaking is "soft" as it generates only 
logarithmic corrections to the electroweak scale. Realistic scale invariant models broken per- 
turbatively by quantum corrections can be constructed which typically feature a scalar sector 
consisting of the usual Higgs doublet together with a Higgs singlet and possibly other scalar 
fields la m H IS]. For related works see also P El El El [lOl HH |12] . 

It is possible that all scales: electroweak, neutrino mass, cosmological constant and Planck 
scales originate radiatively via quantum corrections. In this article, we will define a class of 
scale invariant theories which we call 'electroweak scale invariant models' whereby the 'low 
energy' effective Lagrangian describing physics below the Planck scale is scale invariant. That 
is, the relevant particle physics scales such as the electroweak scale and the neutrino mass scale 
are generated through the dimensional transmutation at energies ~TeV. 

Quantum corrections in scale invariant models also generate a finite, and thus in principle 
calculable, cosmological constant (CC). Constraining the cosmological constant to be small 
imposes interesting constraints on scale invariant models [13]. We first set aside the issue 
of neutrino mass and reconsider the simplest, phenomeno logically consistent, scale invariant 
electroweak model which features a scalar content consisting of a Higgs doublet and a real 
singlet [2|. Scale invariance together with the small CC leads to a highly predictive theory 
with the same number of parameters as the standard model. This theory has a leading order 
prediction for the Higgs mass of around 280 — 305 GeV and also contains a light PGB with 
mass less than about 10 GeV. It turns out this minimal scale invariant model is still consistent 
with precision electroweak data, because of the effects of the light PGB. The model is also 
marginally consistent with the recent LHC data [H] on the direct Higgs boson search. We also 
discuss two extensions of the minimal model. One incorporates neutrino masses via the type II 
see-saw mechanism utilizing a scalar triplet A ~ (1,3,2), and another introduces dark matter 
within a mirror-symmetric hidden sector model [15]. 

2 Perturbatively small cosmological constant in scale in- 
variant theories 

The incorporation of a small cosmological constant within scale invariant theories has been 
discussed in Ref. [TH]. It will lead to important constraints on realistic scale invariant theories, 
so we here briefly review this material. 

Consider a classically scale-invariant theory that contains a set of n real scalar fields Si 
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{i = 1,2, ...n). Some of these scalar fields may form multiplets of a local or global symmetry 
group. The generic classical potential can be written as [T6] : 



Vo{Si) — XijkiSiSjSkSi 



(1) 



where Xijki are bare coupling constants and summation over the repeated indices is assumed. 
It is convenient to adopt the hyper-spherical parameterization for the scalar fields: 
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where r(x) is the modulus field. Its nonzero VEV, (r) 7^ 0, breaks scale invariance sponta- 
neously resulting in a corresponding (pseudo-)Goldstone boson, the dilaton [TB], [T]. In the 
parameterization of the classical potential takes the form 



(3) 



Due to the classical scale invariance the modulus field r{x) factors out, and the extremum 
condition ^|^^^^^ e ={e ) ~ ^ implies that the VEV of the potential, that is, the classical 
contribution to the CC, vanishes: Vo((r), (6'j)) = 0. At the classical level, the dilaton field 
remains massless and the VEV (r) = 0, unless f{Xijki, Oi) = in which case (r) is undetermined 
(flat direction). 

Quantum corrections lead to an effective potential which can be written in terms of effective, 
renormalization scale /i-dependent couplings and fields. 



log 



r2(/i) 



+ . . 



(4) 



where . . . denotes all terms with higher-power logarithms coming from all possible higher- 
loop diagrams. The parameters Qai/J') and m^lfi) denote all relevant running dimensionless 
couplings and effective masses, respectively. For our purposes it is very convenient to fix the 
renormalization scale as n = (r). With this choice of fi the higher-power log terms become 
irrelevant for our discussion and we do not need to display them here. In addition, since we 
are primarily interested in the VEV of the effective potential (jl]) we fix the direction of the 
potential by taking 6i = {9i) in The extremum condition along the radial direction implies 



dV 

_=0 ^ 2A(/i= (r)) + 5(/x= (r)) = . 



(5) 
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If we demand that the perturbative contribution to the CC vanishes, then this requires that 
V^in = 0, that is, 

K,in = ^ A(/i = (r)) = 0. (6) 

Note that while Vram = imphes tuning of parameters, the condition (jS]) is just an extremum 
condition which simply implies that the scale (r) is defined as the scale fi where 2 A + B = 0. 
Thus, the condition ([5]) trades one dimensionless parameter for a dimensional parameter, the 
phenomenon known as dimensional transmutation. 

Evidently, with the above conditions ([5]) and ([6]) the mass of the dilaton mpQB = 

is determined by at least two-loop level quantum corrections, 

ml^^ = 8C{^^={r)){rf . (7) 

Clearly, we must require C(/i = (r)) > for the fine tuning of Eq. to be acceptable. 

The renormalization group (RG) properties of the effective potential dl]) give further rela- 
tions between A, B and C. The potential should not depend on the renormalization scale /i, 
that is, 

= , (8) 




where /3a are beta-functions which determine the running of couplings ga-, while 7^, 7^ are scalar 
anomalous din 
and ([8]) imply 



anomalous dimensions and 7^ = -l^^^ are mass anomalous dimensions. Equations 

'■^ rrix Of! ^ 



H=(r) 

(9) 

^^={r) 

The quantities A, B and C can in principle be computed in perturbation theory. The leading- 
order contributions to A, B and C arise at tree "(0)", one loop "(1)", and two loops "(2)", 
respectively, and if perturbation theory is valid, then the conditions y4(/i = (r)) = 0, -B(/i = 
(r)) = and C(/i = (r)) > imply: 

A(°)(/.= (r))^0, 
i?«(/x=(r))^0, 

(:7(2)(^ = (r)) >0 . (10) 

The first condition can be used simply to define approximately the scale = (r), and results 
in the elimination of one of the tree-level parameters in the potential. The quantity -B^^^ is in 
general 



= (r)) = g4^2(^)4 [3Tr< + Trm| - 4Trm^] 



(11) 
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where the subscripts V, S and F denote contributions of massive vector bosons, scalars and 
Dirac fermions, respectively. The quantity C*^^^ then is given by 



(12) 

^l=(r) 



where we have used ([9]). A priori, C*-^-* in (|T2l) is not positive, thus the condition C*^^-* > 
puts a restriction on the particle spectrum of the theory. The condition B^^^ ^ leads to the 
fermion-boson mass relation: 

(STrm^. + Trm^ - 4Trm^) |^=(,.) ^ . (13) 

Since the above constraints play a crucial role in the scale invariant models to be discussed 
below, and the CC is a relevant observable only in the presence of gravity, we would like to 
briefly mention how gravity can be incorporated within the given framework. A simple way is to 
assume that the Planck mass is also generated radiatively through the couplings y/^^ijSiSjR, 
where R is the Ricci scalar. Because we assume that scale invariance is broken at the electroweak 
scale, to explain the weakness of the gravitational force one needs to introduce hierarchically 
large parameters or, alternatively, one can assume a large number of scalar fields. One may 
also assume that the Planck mass is spontaneously or dynamically generated in some hidden 
sector which extremely weakly interacts with the low-energy fields, rendering the effective low- 
energy theory to be approximately scale invariant. More detailed discussion of these possibilities 
is beyond the scope of the present paper. 



3 The minimal scale invariant model revisited 

Let us now apply the formalism outlined in the previous section to the simple Higgs doublet {(f)) 
and one real singlet (S) scale invariant model [2]. The most general scale invariant potential is: 

VoiSu s^) = y0V0V + + Y0V^' • (14) 

We parameterize the fields in unitary gauge through 

^^=7! (sin^^)' ^ = ^^°s^' (15) 

and we choose the A3 < parameter space. In this case, Vo(r) = A^^^r^ and A^{fi = (r)) = 
implies 

/ 1 \l/2 

v^(0) = (r) ( - — - j = ~ 246 GeV, {S) = ve^^^ (16) 
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where 



(0) 



cot^ OJ 



^ Ai(/i) 

A2(/i) 



(17) 



with 



and fj, = (r). 

The model has two physical scalars, but only one of them gains mass at tree-level. The 
other scalar is the PGB, which gains mass at two loop level. The tree-level mass can easily be 
obtained from the tree-level potential, by defining shifted fields: = (0) + 0', S = (S) + S'. 
We find: 



m 



H 



sin uS', 



(19) 



while the PGB is h = sinw^Q + cosuS'. 

The mass of the PGB can be calculated from Eg. fl71[T2| ) . and is expected to be quite small 
(less than 10 GeV) since it arises at two loop level. Such a light PGB can only be possible if its 
coupling to standard model fields is suppressed. Thus the only phenomenologically consistent 
parameter space is where tanu < 1 so that the PGB is mainly singlet. In fact, constraints from 
LEP require sinu < 0.3 [T7] . 

As discussed in the previous section, the incorporation of a small CC into scale invariant 
theories implies some constraints on parameters. The main constraint is that B{ii = (r)) = 0. 
To leading order in perturbation theory, this implies that B^^^ ^ which leads to the contraint: 



m 



H 



(20) 



Note that the above relation is evaluated for the running masses at a scale n = (r). Because of 
the smallness of sinw, we can use the known Standard Model relations between the pole and 
running masses in our approximate calculations. Eq. f l20p thereby implies that the physical 
Higgs mass can be approximately related to the physical top quark mass Mj via: 



M, 



H 



where US 
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Gf rnjj 
71 16^ 



^ 3 a5((r)) 
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TT 




(21) 



(22) 



Taking as{Mz) ^ 0.118 and Mj ^ 173 GeV, we predict the Higgs pole mass Mh ~ 280 - 305 
GeV for 1 TeV > (r) > 300 GeV. For larger values of (r) the perturbative approximation 
begins to break down. 
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As indicated in Eqs.([7]) and (fT2|) . the mass of the PGB depends on the anomalous mass 
dimensions for the scalar H and the top quark. Evaluating these anomalous mass dimensions 

we find: 
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Using A|| = 2mf/v'^ and the relation Eq.f l20p . we find 

3mf sin^ u 



C(2) 



2a. 



167r2t;4 
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(24) 



Evidently C*-^-* > and hence the model is consistent with the inferred small CC. The PGB 
mass can then be estimated from Eq.(I7]): 



mpGB 



3 rrq 

2 TIV 



■ smu 
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0.3 



GeV . 



(25) 



For such a light PGB, LEP bounds limit sino; < 0.3 |17j . 

If sino; is close to the experimental limit then the PGB can potentially be experimentally 
probed at the LHC. Firstly it can be directly produced via, e.g., pp ^ ti + h. Secondly, the 
PGB can also manifest itself indirectly through radiative corrections. In particular indirect 
limits on the standard model Higgs mass arise from oblique radiative corrections involving the 
Higgs contributions to the W, Z self energies. These contributions are proportional to In M^jgg^,, 
where Mniggs is the Higgs boson mass within the Standard Model. Thus the effect of the PGB 
is to replace this dependence with 



In Mjjj — )■ cos u m Mjj + sin u m mpQg 



(26) 



The 90% C.L. (99% C.L.) upper limit on the standard model Higgs mass from precision elec- 
troweak data is [T9l 



Mffiggs < 145(194) GeV (Standard model) . 



(27) 



Interestingly, the existence of a light PGB can weaken the bound on Mh c.f. standard model 
Higgs. Indeed, Eqs.(^ and ([27D suggest a 90% (99%) C.L. limit on Mh of 



Mh < 288(396) GeV 



(2J 
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where we have assumed a mixing angle at the LEP hmit: sinw ^ 0.3. The above hmit from the 
precision electroweak data is compatible with the leading order prediction of Mh ~ 280 — 305 
GeV. 

The scalar H in the model interacts with the Standard Model particles similar to the 
Standard Model Higgs boson except with couplings reduced by cosw. Note that the decay 
modes H hh, H — t- hhh are absent at tree-level since the corresponding interactions vanish 
as a result of scale invariance. Therefore, experimental limits on Standard Model Higgs can 
be easily adjusted to H . The very recent analysis of 1-2 fb~^ LHC data fT^ shows that large 
regions of the Higgs boson mass below 460 GeV are already excluded at 95% CL. A small region 
288 — 296 GeV is still allowed and the minimal model is currently consistent with experiments. 
However, at the same time, no significant excess is seen in the data within the mass region of 
interest either, and the minimal model seems to be excluded at 90% C.L. This is one of the 
motivations to consider extensions of the minimal model. Also, in a theory with the Higgs 
boson mass ~ 300 GeV, one expects the Landau pole for self-interaction couphng to be below 
the Planck mass. This theoretical issue does not necessarily undermine the minimal model 
considered above. However, it is desirable to extend the theory in such a way that removes 
the Landau pole. Further incentive for extending the minimal scale-invariant model is the 
necessity to incorporate neutrino masses and dark matter. In what follows we consider two 
such extensions of the minimal model which are motivated by the above issues. 

4 Neutrino masses in scale- invariant models 

The simplest way to generate Dirac neutrino masses is to extend the minimal model by intro- 
ducing right-handed neutrinos which allow for tiny Yukawa couplings. One could also consider 
a model with type I see-saw where the right-handed Majorana neutrino masses are generated 
through the couplings with the singlet scalar field of the minimal model. Similarly, one could 
generate Majorana masses for triplet fermions and generate light neutrino masses via the type 
HI see-saw mechanism. However, both type I and HI models introduce new heavy fermionic 
states. This can lead to tension with precision electroweak data if these new fermionic states 
are heavier than the top-quark mass scale, because this potentially increases the scalar masses 
suggested by the mass relation Eq. f|T3l) above the limits Eq. fl28l) . 

In contrast the type II see-saw mechanism introduces only new bosonic degrees of freedom 
and thus reduces the prediction of the Higgs mass compared with the minimal model. While 
type I and HI see-saw models are fairly trivial modifications of the analyses of the previous 
section because they do not require any new scalars, type II is non-trivial in this respect. We 
now discuss the type II see-saw scale-invariant model in more detail. 

We extend the minimal model of the previous section by introducing the electroweak triplet 
scalar field A [3]. Neutrino masses are generated from the Lagrangian term 

C = XiLA£L + H.c. (29) 
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Here 

A^(M,-,.(-/^_,-;^) (30, 

transforms like A UAW under SU{2)l and II = iT2{hy -> UIl- A small VEV for the 
electrically neutral component A° generates a tree-level Majorana mass for u^. 

The simplest phenomenologically-consistent scale-invariant potential which can give (A*^) 7^ 
requires 0, A and the real gauge singlet scalar field, S* [3]|3 The most general tree- level 
potential is then 

Vo = Ai(0V)^ + A2(TrAtA)2 + A'2Tr(A^AAl"A) + + A40VTrA^A + A;0^AAV 
+ X5<l)^(j)S^ + XgA^AS^ + X7(f^iT2A(j)S + H.C. (31) 

Note that only the Ay term violates lepton number. If in the limit A7 — ?■ the parameters are 
such that (0o) = v, {S) = w, (A) = then taking A7 small but nonzero will induce a VEV for 
the real part of the neutral component of A: 

(Ao) = . (32) 

Minimising the tree-level potential in the limit A7 — leads to the relations, 

A5(A) = -v/Ai(A)A3(A) (33) 

and 



_ / Ai(A) 
A3(A)- 



y2 



(34) 



A small but nonzero Ay induces order A| corrections to these formulas. 

We can calculate the tree-level masses by expanding around the vacuum: = (0) + 0', 
S = (S) + S' and A = (A) + A'. Taking the limit Ay — )■ we find that the physical scalar 
spectrum consists of an approximately degenerate complex A' triplet, a massive singlet H = 
— sin^0Q + cos 6S', and a massless state h = cos^0o + sin6'S" (this is the PGB which will gain 
mass at two-loop level), where 




Ai 
A3 



2 '^4 2 A 2 

= —V X^w , 
m\ = 2Xiv^-2X5V^. (35) 



^The minimal scale-invariant Higgs potential containing only (j> and A will preserve lepton number, and if 
(A) 7^ will lead to an experimentally excluded Majoron, as well as other light scalars. 
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Observe that there is no pseudo Goldstone boson associated with lepton number violation. This 
is because lepton number is explicitly broken and in the limit where the explicit lepton number 
violating term [\-j(j)^iT2^(t)S) vanishes our parameter choice is such that lepton number is not 
spontaneously broken. 

In this model, the incorporation of a small CC implies the constraint: 

6m^ + rn^j I2mf . (36) 

Note the above relation holds for running masses evaluated at the scale /i = (r). The A states 
are not expected to contribute to oblique radiative corrections, and, therefore, they can be 
heavier than ttlh- In this case rriH can be light enough to avoid the Landau pole below the 
Planck mass. Thus, we end up with a prediction for of : 

ruA ~ 190 GeV. (37) 

Importantly, this puts the mass of the A in the range where it can be probed at the LHC 
Meanwhile the mass limit on H from precision electroweak data can be much weaker than in 
the SM [Eg. (1271) ] due to the presence of the light PGB and can be as weak as Eq.(l28ll. 

5 Mirror symmetric extension 

Experimental bounds on the Higgs boson mass can be alleviated in generic hidden sector models 
where the Higgs can have a significant branching fraction to invisible decay modes. In this 
section we consider the case where the hidden sector is isomorphic to the ordinary sector. This 
allows an exact parity symmetry to be defined which interchanges the ordinary particles with 
their mirror counterparts, along with x — >■ —x. The mirror particles provide a candidate for 
the inferred dark matter in the Universe which can also explain the DAMA[20j. CoGeNTpTj 
and CRESST-II [22j direct detection experiments [23] . 

The scalar content consists of 0, 0', S where S* is a gauge singlet. Under mirror symmetry, 
-H- 0', S ^ S. The classical scale invariant potential is then: 

V = ^(0V0V + 0'V'0'V') + + + + A40V0'V' (38) 

2 o 2 



As before, quantum corrections can generate a 
fields in unitary gauge through: 

6 = — ( ^ \ A' = Z_ 
^ \^ sin 6^ cos y ' ^2 

We consider the parameter space with Ai, A2 > 
range mirror symmetry is unbroken. 

In this case, Vo{r) = A'^^^r'^ and A^(fi = (r)) 



non-trivial vacuum. We can parameterize the 

f . ° , V 5 = rcos^ , (39) 
\^ sm fc' sm y ^ ' 

0, A3 < and IA4I < Ai. With this parameter 
= implies 

(40) 



(0) = (0') = (0, -=)^ {S) = V2ve'/', 
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where 



1/2 

= w ^ 246 GeV . (41) 
Also, 

with 

\M + -L VA2(/^)(Ai(/x) + Uii)) = (43) 

and yU = (r). 

At tree level we have a massless PGB together with two massive scalars: 

^H, = (Xi + - 2X3^ 

ml, = iX,-X,y. (44) 

Constraining the CC to be small suggests the mass relation: 

+ — 24"^t • (45) 

This suggests an upper bound of around 360 GeV for Hi 2- A lower bound on Hi 2 comes 
from LEP experiments. If kinematically allowed, the H12 can be produced via the channel 
e~^e~ — 7- Z* — )■ ZHi 2- The Higgs H12 can either decay invisibly or to standard model particles. 
It turns out the former gives the strongest limit, which is mn^, > GeV at 95% C.L. [21] . 
As before, we expect the PGB to be light: nih < 10 GeV. This model can easily accommodate 
the precision electroweak constraints and will be tested in the near future at the LHC. The 
results depend on the size of the mass splitting \mH^ — m//J [25]. In particular, if the mass 
difference \mH^ — m^^J is greater than the experimental resolution then the standard Higgs 
search channels should eventually show two signals, each with cross section only 25% that of 
the standard model Higgs. [This assumes that the Hi — H2 mass difference is not so great as 
to allow a — ^ HiHi or Hi — )■ H2H2 to be kinematically allowed]. If \mH2 ~ i^Hi \ is less than 
the experimental resolution but greater than the decay widths, then the standard Higgs search 
channels should show one signal with cross section 50% that of the Standard Model Higgs. In 
this case the mass relation Eq. ( H5|) suggests Mh ~ 300 GeV. 

6 Conclusion 

The effective theory at energies below the Planck scale might well be scale invariant at the 
classical level, broken perturbatively only by quantum corrections. Such theories can be well 



V2 + 
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motivated as they can solve the hierarchy problem thus representing an interesting alternative 
to the standard model and its supersymmetric extension. We have constructed the simplest 
such theories whereby the electroweak, cosmological constant and the neutrino mass scale 
arise perturbatively via quantum corrections. Such electroweak scale invariant theories are 
highly predictive, the simplest example has the same number of parameters as the standard 
model. These theories generally lead to a bosonic - fermionic mass relation which can be tested 
experimentally. These scale invariant models also feature a PGB which is typically very light 
(less than 10 GeV) and can be probed at the LHC, either via direct production, or indirectly 
through oblique radiative corrections. 
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